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Abstract:

One of the fundamental fields of applied mathematics is numerical analysis, which offers useful
techniques for solving mathematical equations where an exact solution may not always exist. Algebraic
equations, systems of linear equations, nonlinear equations, ordinary differential equations and partial
differential equations are often used to model problems in science, engineering, economics, computer
science and data analysis. Because often there is no exact analytical solution, numerical methods are used
to approximate a solution with an error that can be controlled and a computational cost that is acceptable.
Approximation, iterative algorithms, error analysis, stability, convergence and scientific applications of
numerical analysis for the solution of equations are discussed. It also illustrates the need for selection of
numerical methods with accuracy and efficiency. The article ends with a conclusion that numerical
analysis is not just a computational method but a scientific analysis system to convert mathematical
models into practical results.
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iterative methods, differential equations.

1. Introduction

Numerical Analysis focuses on the design, analysis, and implementation of algorithms to approximate a
solution to mathematical problems. It has a very significant role when exact symbolic methods are not
available or are inefficient, or are inappropriate for actual computer applications. A lot of scientific
problems are formulated in the form of equations, but sometimes the equations are too complicated to
solve them analytically. So numerical methods give systematic procedures to obtain approximation to
the solution within measurable accuracy [1].

Numerical analysis plays a pivotal role in fields like engineering design, physics simulations, weather
forecasting, medical imaging, optimization, artificial intelligence, and financial modeling. Mathematical
equations describing real phenomena are often used in these fields. The motion of a mechanical system,
for instance, may be modeled by a system of differential equations, and electrical circuits can be modeled
by a system of algebraic equations. These models can be solved numerically with the help of computers
and mathematical algorithms by researchers and engineers [2].
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Numerical analysis is based on the principle that approximation must be reliable. An error which is not
understood and controlled is not useful when considering numerical answers. Therefore, the numerical
analysis is used not only to calculate the approximation solution, but also to find out how the error occurs,
how the error expands and how the error affects the final result [3].

2. Numerical Solution of Algebraic Equations
One of the basic problems in numerical analysis is solving algebraic equations of the form:
fx)=0
Many equations, such as equilibrium points and polynomial root finding and nonlinear physical
modelling, can be solved by this type of equation. If an equation can't be solved exactly, then numerical
methods of root finding are used. Some of the most popular methods are the bisection method, fixed-
point iteration, secant method and Newton-Raphson method [4].
The bisection method is easy and trustworthy. It is derived from the concept that a continuous function,
which changes sign between two points on the graph, must have at least one zero in between those two
points. The interval is divided into two pieces in a loop until the approximate root is located. Slow but
stable and easy to apply as compared to other methods.
Newton’s method is faster when the initial approximation is close to the true root. It is given by:
Xn+1 = Xn — M
f'(xn)
In this method the next approximation is estimated by the tangent line of the function. But when the
derivative is zero or when the initial approximation is very different from the root, Newton's method can
fail. Hence, it is crucial to choose an initial value that is able to converge successfully [5].

3. Error, Accuracy, and Stability
Error Analysis is an essential component of numerical analysis. Errors can be caused by the limitation of
measurements, mathematical approximation, truncation, and rounding. Truncation error occurs when an
infinite process is approximated by a finite process, and round-off error occurs because numbers stored
in a computer can only be approximated to a finite level of precision.
For example, when a derivative is approximated by a finite difference formula,
fGe+h) - fx)

fre ~ e

the value of strongly affects the accuracy. The larger it is, the greater will be the truncation error if his

size 1s too large. Corrected for his too small, round-off error may be controlling, due to limited computer

precision. Hence, a numerical analysis has to account for a balancing of various types of errors to achieve
reliable results [6].

Stability is also very important. A stable numerical method does not cause small errors to magnify or
grow out of hand. In practice, there is bound to be some rounding error, and a good algorithm will
minimize the impact of such errors. The stability is particularly crucial for large systems of equations,
long time simulations and for solving differential equations.
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4. Systems of Linear Equations
Many scientific and engineering problems lead to systems of linear equations written as:

Ax = b,
where Ais a matrix, xis the vector of unknowns, and bis the known vector. Linear systems appear in
structural analysis, electrical networks, optimization, finite element methods, and data science. The
solution of such systems is one of the most important areas of numerical analysis [7].
The direct methods like Gaussian elimination and LU decomposition will give an exact solution after a
finite number of operations. These approaches work well for small and medium sized systems. However,
direct methods can be memory and computationally intensive for very large systems. Then, iterative
methods are often used.
Furthermore, in numerical linear algebra, the notion of condition number of a matrix is discussed. The
condition number gives an indication of the sensitivity of the solution to changes in the data. If a matrix
is ill-conditioned, a small error in Aor bmay lead to a large error in x. Thus, it is important to know the
conditions so that one can decide whether a numerical solution is reliable or not [8].

5. Iterative Methods for Large Systems
Iterative methods begin with an approximation that is refined step-wise until a sufficiently accurate
answer is obtained. This could be Jacobi method, Gauss-Seidel method, Conjugate Gradient method,
GMRES method, etc. These methods have been applied extensively to large sparse systems as they
require less memory and may be more efficient than direct methods [9].
The general goal of an iterative method is to reduce the residual:

r=b— Ax,
If the value of a small residual is close to 0, it means that the approximate solution is close to satisfying
the original equation. However, sometimes the size of the residual is not sufficient, particularly if the
matrix is ill-conditioned. Convergence rate, stability and conditioning need also to be taken into account.
Another important technique is called preconditioning. A preconditioner is a transformation that takes
the original system to form another system which is numerically more amenable to solution. The number
of iterations can be significantly minimized and the computational efficiency improved by good
preconditioning [10].

6. Nonlinear Equations and Numerical Modeling
Many real-world models are nonlinear. Examples of nonlinear systems can be found in fluid mechanics,
chemical reactions, population dynamics, machine learning, and optimization. A nonlinear system may
be written as:

F(x) =0,
where F represents several nonlinear equations. Unlike linear systems, nonlinear systems are more
complicated to solve since convergence is not always guaranteed. The most popular ones are Newton-
type, which require the calculation or approximation of the Jacobian matrix [11]. Non-linear numerical
techniques need to be carefully formulated in practice. The algorithm must be accurate, stable and
efficient. It should also work on wrong initial guesses, complicated functions, and/or multiple solutions.
For this reason, numerical analysis is a combination of mathematical theory and computational
experimentation.
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7. Differential Equations

One of the most important kinds of equations whose solution is sought numerically is a differential
equation. They explain change, movement, diffusion, heat transfer, growth in populations, electrical
signals, and many other phenomena that change over time. Ordinary differential equations (ODEs) are
those that depend on one independent variable, and partial differential equations (PDEs) are those that
depend on several independent variables [12].

A simple ordinary differential equation can be written as:

dy
E - f (t) y )
One of the simplest numerical methods for solving it is Euler’s method:
Vi1 = Yn + hf (6, ),
where his the step size. While Euler's method is intuitive, it might not be precise enough for more intricate
problems. For greater accuracy and stability, more advanced methods, like Runge-Kutta methods and
multistep methods, are used. [13].
Finite difference, finite element or finite volume methods can be used to solve partial differential
equations. These approaches convert continuous problems into the form of a discrete system to be solved
numerically. For example, a second derivative may be approximated by:
u(x +h) —2ulx) +u(x — h)
h? '

u”(x) ~

This transformation allows computers to solve problems related to heat conduction, wave propagation,
fluid flow, and structural mechanics [14].

8. Conclusion

Equations that occur in science, engineering and technology can be solved using powerful tools provided
by numerical analysis. It is important as there are many real-world problems that can't be solved exactly
using analytical methods. Numerical methods are used to approximate, to iterate, to discretize, and to
control the error in algebraic equations, linear systems, nonlinear systems, and differential equations, in
order to obtain practical solutions. Four criteria for the effectiveness of a numerical method are accuracy,
stability, convergence and efficiency of computation. A fast method may not be reliable unless the error
and stability of the method is understood. So, numerical analysis is not just about computing; it's also
about mathematical judgment. With increasing scale and complexity of scientific models, numerical
analysis will remain a key component of research, innovation, and problem solving.
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