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Abstract 

Background: The expansion of polynomial expressions raised to a positive integer power 

is a fundamental topic in algebra and combinatorics. Newton's Binomial Theorem 

provides a direct method for expanding expressions containing two variables, (𝑥1 + 𝑥2)𝑛. 

However, no simple general formula is available for expressions involving more than two 

variables, such as (𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚)𝑛. Consequently, expanding multinomial 

expressions becomes increasingly complex as the number of variables increases. 

Therefore, there is a need to develop a generalized mathematical formula that can 

determine the expansion, coefficients, and total number of terms for any positive integer 

value of 𝑚. This research aims to derive such a general formula by analyzing lower-

dimensional cases and extending the observed patterns to the general multinomial case. 

Objective: To be able to find the expansion in a concise and simple way. 

Importance: Use of the expansion in some applications of differential and integral 

calculus and other topics. 

Methodology: The study employed an analytical mathematical approach based on pattern 

recognition and mathematical induction. The procedure consisted of four main steps: 

1. The classical binomial theorem (𝑚 = 2) was reviewed to identify the structure of the 

expansion, coefficients, and total number of terms.  

2. The trinomial case (𝑚 = 3) was analyzed by classifying terms according to the number 

of variables involved and determining the corresponding coefficients using 

combinatorial principles.  

3. The same analytical procedure was extended to the four-variable case (𝑚 = 4) to 

verify the emerging mathematical pattern.  
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4. Based on these observations, a generalized multinomial expansion formula was 

derived for any positive integer 𝑚, together with expressions for the multinomial 

coefficients and the total number of terms.  

Results: The analysis demonstrated that the binomial expansion can be successfully 

generalized to polynomials containing any number of variables. Explicit expansions were 

obtained for the cases 𝑚 = 2, 𝑚 = 3, and 𝑚 = 4, revealing a consistent mathematical 

structure. The coefficients were shown to follow multinomial coefficient rules, while the 

exponents satisfy the condition that their sum equals 𝑛. Furthermore, a general expression 

was derived for the total number of distinct terms in the expansion 

 

(𝑛 + 𝑚 − 1)!

𝑛! (𝑚 − 1)!
 

 

The final generalized expansion was obtained as 

(𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚)𝑛 = ∑
𝑛!

𝑝1! 𝑝2! ⋯ 𝑝𝑚!
𝑝1+𝑝2+⋯+𝑝𝑚=𝑛

𝑥1
𝑝1𝑥2

𝑝2 ⋯ 𝑥𝑚
𝑝𝑚 , 

 

where 𝑝1, 𝑝2, … , 𝑝𝑚 ≥ 0. 

 

Conclusion: This study successfully generalized the classical Binomial Theorem to the 

expansion of polynomials containing any number of variables. By examining the cases 

𝑚 = 2, 𝑚 = 3, and 𝑚 = 4, a consistent mathematical pattern was identified and extended 

to derive a general multinomial expansion formula. The resulting expression provides 

both the multinomial coefficients and the total number of terms for any positive integers 

𝑚and 𝑛. The proposed formulation offers a simple and systematic method for expanding 

multinomial expressions and can serve as a useful tool in combinatorics, algebra, 

probability theory, and related areas of applied mathematics. 
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Introduction:  

The expansion of a polynomial raised to a positive integer power is one of the fundamental 

topics in algebra and combinatorial mathematics. It plays a crucial role in simplifying 

algebraic expressions, deriving mathematical identities, and solving a wide range of 

problems in pure and applied mathematics. Polynomial expansions are closely connected 

with the binomial theorem, multinomial theorem, combinatorial coefficients, and 

generating functions, making them an essential tool in mathematical analysis and 

computational methods [1]. Traditionally, the expansion of a polynomial raised to an 

integer power is obtained by repeated multiplication or by applying the multinomial 

theorem [2]. Although these classical methods provide accurate results, they become 

increasingly complicated and computationally expensive as the degree of the polynomial 

or the exponent increases [3]. The rapid growth in the number of terms and multinomial 

coefficients often makes the expansion process time-consuming and difficult to manage 

manually [4]. For this reason, many mathematicians have focused on developing 

alternative methods that simplify the expansion process while reducing the computational 

effort [5]. Several approaches have been proposed to determine the coefficients directly 

without performing successive multiplications [6]. These methods are particularly 

valuable in symbolic computation, computer algebra systems, numerical analysis, and 

mathematical software, where efficiency and accuracy are of great importance [7]. The 

study of polynomial expansions has numerous applications in different branches of 

mathematics and science, including algebra, combinatorics, numerical analysis, 

probability theory, mathematical modeling, engineering, computer science, and 

cryptography. Efficient expansion formulas contribute to improving algorithmic 

performance and facilitate the solution of complex mathematical problems [8]. The 

present study aims to develop a simple and efficient approach for expanding a polynomial 

raised to a positive integer power. The proposed method seeks to establish a general 

mathematical formula that enables the coefficients of the expanded polynomial to be 

determined directly, thereby minimizing computational complexity and avoiding repeated 

multiplication. It is expected that the proposed approach will provide an effective 

mathematical tool for researchers and students working in algebra and related fields. 
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Methodology 

1. This study employed a mathematical and analytical approach to derive a generalized 

formula for the expansion of the polynomial (𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚)𝑛, where 𝑛is a 

positive integer and 𝑚 ≥ 2. The methodology consisted of sequentially analyzing 

polynomial expansions with an increasing number of variables to identify recurring 

algebraic patterns. 

2. Initially, the classical case of two variables (𝑚 = 2) was examined using Newton's 

Binomial Theorem as the fundamental basis. The structure of the expansion, the 

binomial coefficients, and the total number of terms were analyzed to establish the 

mathematical framework. 

3. Subsequently, the trinomial case (𝑚 = 3) was investigated by expanding (𝑥1 + 𝑥2 +

𝑥3)𝑛. The resulting terms were classified according to the number of variables 

appearing in each term, and the relationships among coefficients, exponents, and the 

total number of terms were identified. Combinatorial principles were then used to 

express these coefficients in a systematic form. 

4. The same analytical procedure was extended to the four-variable case (𝑚 = 4) to 

verify the consistency of the observed patterns. The expansion confirmed that the 

coefficient structure follows a predictable combinatorial arrangement, allowing the 

formulation of a generalized mathematical expression. 

5. Finally, the patterns obtained from the cases 𝑚 = 2, 𝑚 = 3, and 𝑚 = 4 were 

generalized to derive the multinomial expansion for any number of variables 𝑚 = 4 

The coefficient of each term was expressed using factorial notation, 

6. 
𝑛!

𝑝1!𝑝2!⋯𝑝𝑚!
, 

 

7. subject to the condition 

8. 𝑝1 + 𝑝2 + ⋯ + 𝑝𝑚 = 𝑛, 

 

9. thereby providing a unified mathematical formula for determining all terms and 

coefficients in the expansion of (𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚)𝑛. This methodology enabled the 

development of a general solution without requiring separate derivations for each 

specific value of 𝑚. 
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n- 1   1     2           2                                                     2        1    2        2        1    1          1  

nx + 1-nx  x  nc +………………+2 x2  -nx n+ c x 1-nx n+ cn  x= n) 2+ x1 x (                                                               

Result: 

 

 

(x1 + x2 +………. + x m) n
              n ∈ z+  

      

                                                                                                                      

-What we have available is only when m=2 which are called: binomial theory) Newton’s 

Theorem) 

 

- So is it possible to find a mathematical formula through which we can calculate the 

result                                                          

            (X1+x2 + ………. + xm) n         

 

The answer is yes, and this research provides a mathematical formula for any value of 

m, where m= 2, 3, … 

 

 

Research Method: 

1- The formula is available when m=2    

2-We study the case when m=3   

3-We study the case when m=4   

4-Through this we generalize the formula for any value of m 

 

Research: First   

We have when m=2 

 

 

 

 

 

 

 

 

 

1- 

2- 

 

In the result there are (n-1) terms with the symbols 

ely x1
n,xn2 

x1x2 

 

3-The total number of terms 

n+1=cn+1= cn+(2-1)= cn+(m-1) 
 

1 2-1             m-1 
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Discussion 

The present study proposed a generalized mathematical formula for expanding the 

polynomial (𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚)𝑛, extending the well-known Binomial Theorem from 

two variables to any finite number of variables. By systematically analyzing the cases 

𝑚 = 2, 𝑚 = 3, and 𝑚 = 4, common structural patterns were identified and generalized 

into a unified expression applicable for arbitrary values of 𝑚.The analysis of the case 𝑚 =

2confirmed the validity of Newton’s Binomial Theorem and demonstrated that the 

expansion consists of 𝑛 + 1terms with coefficients represented by the binomial 

coefficients. This case served as the mathematical foundation for extending the expansion 

to higher-dimensional polynomials. When the number of variables was increased to three 

(𝑚 = 3), the expansion exhibited a more complex structure involving terms containing 

one, two, and three variables. The total number of terms was shown to be 

 

(𝑛 + 2)(𝑛 + 1)

2
, 

 which corresponds to the trinomial coefficient formula. The derivation also revealed 

systematic relationships among the coefficients and exponents, allowing the terms to be 

classified according to the number of variables involved. This classification simplified the 

expansion process and highlighted the combinatorial nature of multinomial expressions. 

The study of the case 

𝑚 = 4 further confirmed the consistency of the observed patterns. The expansion 

generated additional categories of mixed-variable terms while preserving the same 

combinatorial structure identified for smaller values of 𝑚. This demonstrated that the 

coefficients follow a predictable arrangement governed by combinations and factorial 

expressions rather than requiring independent derivations for each value of 𝑚.Based on 

these observations, a general multinomial expansion formula was established. The 

coefficient of each term was expressed using factorial notation, 

 

𝑛!

𝑝1! 𝑝2! ⋯ 𝑝𝑚!
, 

 

subject to the condition 

𝑝1 + 𝑝2 + ⋯ + 𝑝𝑚 = 𝑛. 

 

This expression provides a direct method for determining both the coefficients and the 

exponents of every term in the expansion without performing repeated multiplication. 
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The proposed method offers a systematic and efficient alternative for expanding high-

order multivariable polynomials. Rather than deriving each expansion individually, the 

generalized formula enables direct computation for any number of variables, significantly 

reducing computational complexity and simplifying symbolic calculations. Consequently, 

the derived formula represents a natural extension of Newton’s Binomial Theorem and 

provides a practical mathematical framework for applications in algebra, combinatorics, 

probability, and computational mathematics. 

 

Conclusion 

This study developed a generalized formula for expanding, 

 (x1 + x2 + …. + xm)n, extending Newton's Binomial Theorem to any finite number of 

variables. Analysis of the cases m = 2, m = 3, and m = 4 revealed consistent combinatorial 

patterns that led to the multinomial coefficient formula, 

                                                                       
𝑛!

𝑝1!𝑝2!…𝑝𝑚!
 

where p1+ p2 + …. + pm= n. The proposed formula provides a direct and efficient method 

for determining all terms of the expansion, reducing computational complexity while 

simplifying symbolic calculations. This generalized approach has broad applications in 

algebra, combinatorics, probability, and computational mathematics . 
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