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Abstract
Background: The expansion of polynomial expressions raised to a positive integer power

is a fundamental topic in algebra and combinatorics. Newton's Binomial Theorem

provides a direct method for expanding expressions containing two variables, (x; + x,)™.

However, no simple general formula is available for expressions involving more than two

variables, such as (x; +x, + -+ x,)". Consequently, expanding multinomial

expressions becomes increasingly complex as the number of variables increases.

Therefore, there is a need to develop a generalized mathematical formula that can

determine the expansion, coefficients, and total number of terms for any positive integer

value of m. This research aims to derive such a general formula by analyzing lower-
dimensional cases and extending the observed patterns to the general multinomial case.

Objective: To be able to find the expansion in a concise and simple way.

Importance: Use of the expansion in some applications of differential and integral

calculus and other topics.

Methodology: The study employed an analytical mathematical approach based on pattern

recognition and mathematical induction. The procedure consisted of four main steps:

1. The classical binomial theorem (m = 2) was reviewed to identify the structure of the
expansion, coefficients, and total number of terms.

2. The trinomial case (m = 3) was analyzed by classifying terms according to the number
of wvariables involved and determining the corresponding coefficients using
combinatorial principles.

3. The same analytical procedure was extended to the four-variable case (m = 4) to
verify the emerging mathematical pattern.
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4. Based on these observations, a generalized multinomial expansion formula was
derived for any positive integer m, together with expressions for the multinomial
coefficients and the total number of terms.

Results: The analysis demonstrated that the binomial expansion can be successfully
generalized to polynomials containing any number of variables. Explicit expansions were
obtained for the cases m = 2, m = 3, and m = 4, revealing a consistent mathematical
structure. The coefficients were shown to follow multinomial coefficient rules, while the
exponents satisfy the condition that their sum equals n. Furthermore, a general expression
was derived for the total number of distinct terms in the expansion

n+m-—1)!
n!'(m—1)!

The final generalized expansion was obtained as

(x1+ 2+ +x,)" = i xPixbz .. bm
! 2 " Pilpp! ot T e

P1+p2+Fpm=n

where py,p,, ..., P = 0.

Conclusion: This study successfully generalized the classical Binomial Theorem to the
expansion of polynomials containing any number of variables. By examining the cases
m = 2, m = 3, and m = 4, a consistent mathematical pattern was identified and extended
to derive a general multinomial expansion formula. The resulting expression provides
both the multinomial coefficients and the total number of terms for any positive integers
mand n. The proposed formulation offers a simple and systematic method for expanding
multinomial expressions and can serve as a useful tool in combinatorics, algebra,
probability theory, and related areas of applied mathematics.

MSC 2020: Primary 05A10; Secondary 05A19, 11B65.

Keywords: Polynomial expansion; Positive integer power; Multinomial theorem;
Multinomial coefficients; Algebraic identities; Polynomial identities.
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Introduction:
The expansion of a polynomial raised to a positive integer power is one of the fundamental

topics in algebra and combinatorial mathematics. It plays a crucial role in simplifying
algebraic expressions, deriving mathematical identities, and solving a wide range of
problems in pure and applied mathematics. Polynomial expansions are closely connected
with the binomial theorem, multinomial theorem, combinatorial coefficients, and
generating functions, making them an essential tool in mathematical analysis and
computational methods [1]. Traditionally, the expansion of a polynomial raised to an
integer power is obtained by repeated multiplication or by applying the multinomial
theorem [2]. Although these classical methods provide accurate results, they become
increasingly complicated and computationally expensive as the degree of the polynomial
or the exponent increases [3]. The rapid growth in the number of terms and multinomial
coefficients often makes the expansion process time-consuming and difficult to manage
manually [4]. For this reason, many mathematicians have focused on developing
alternative methods that simplify the expansion process while reducing the computational
effort [5]. Several approaches have been proposed to determine the coefficients directly
without performing successive multiplications [6]. These methods are particularly
valuable in symbolic computation, computer algebra systems, numerical analysis, and
mathematical software, where efficiency and accuracy are of great importance [7]. The
study of polynomial expansions has numerous applications in different branches of
mathematics and science, including algebra, combinatorics, numerical analysis,
probability theory, mathematical modeling, engineering, computer science, and
cryptography. Efficient expansion formulas contribute to improving algorithmic
performance and facilitate the solution of complex mathematical problems [8]. The
present study aims to develop a simple and efficient approach for expanding a polynomial
raised to a positive integer power. The proposed method seeks to establish a general
mathematical formula that enables the coefficients of the expanded polynomial to be
determined directly, thereby minimizing computational complexity and avoiding repeated
multiplication. It is expected that the proposed approach will provide an effective
mathematical tool for researchers and students working in algebra and related fields.
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Methodology
1. This study employed a mathematical and analytical approach to derive a generalized

formula for the expansion of the polynomial (x; + x, + -+ + x,,)™, where nis a
positive integer and m = 2. The methodology consisted of sequentially analyzing
polynomial expansions with an increasing number of variables to identify recurring
algebraic patterns.

2. Initially, the classical case of two variables (m = 2) was examined using Newton's
Binomial Theorem as the fundamental basis. The structure of the expansion, the
binomial coefficients, and the total number of terms were analyzed to establish the
mathematical framework.

3. Subsequently, the trinomial case (m = 3) was investigated by expanding (x; + x, +
x3)™. The resulting terms were classified according to the number of variables
appearing in each term, and the relationships among coefficients, exponents, and the
total number of terms were identified. Combinatorial principles were then used to
express these coefficients in a systematic form.

4. The same analytical procedure was extended to the four-variable case (m = 4) to
verify the consistency of the observed patterns. The expansion confirmed that the
coefficient structure follows a predictable combinatorial arrangement, allowing the
formulation of a generalized mathematical expression.

5. Finally, the patterns obtained from the cases m =2, m = 3, and m = 4 were
generalized to derive the multinomial expansion for any number of variables m = 4

The coefficient of each term was expressed using factorial notation,
n!

p1'p2! P!

7. subject to the condition
8. p1tpt - +pm=n,

9. thereby providing a unified mathematical formula for determining all terms and
coefficients in the expansion of (x; + x, + - + x,,)™. This methodology enabled the
development of a general solution without requiring separate derivations for each
specific value of m.
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Result:

-What we have available is only when m=2 which are called: binomial theory) Newton’s
Theorem)

- So is it possible to find a mathematical formula through which we can calculate the
result

The answer is yes, and this research provides a mathematical formula for any value of
m, where m=2, 3, ...

Research Method:

1- The formula is available when m=2

2-We study the case when m=3

3-We study the case when m=4

4-Through this we generalize the formula for any value of m

Research: First
We have when m=2

(X1+ X2 )"=X"+ "X X +C" X" X2+, +c" x X"+ x"
1 1 1 2 2 1 2 n-1 1 2 2

1- This result includes two terms with one symbol, namely x1",Xn2

2- In the result there are (n-1) terms with the symbols XXz
3-The total number of terms
N+1=Cn+1= Cn+(2-1)= Cn+(m-1)
1 2-1 m-1
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We study the case when m=3

(x +x+x)"=[x+ (x +x)]"

1 2 3 1 2 3
= )" el ™ et 3) + P x™E (k)P + CM A I (U AT o eeennennnnd +¢" X (X + X)" (X +Xx)"
1 1 1 2 3 2 1 2 3 3 1 2 3 n-1 1 2 3 2 3

We assume /xrepresents the order of the terms in the result, and Vi represents the
number of terms in each one of them, so it becomes:

I1=X" V=1
1
Ia=c™ XM [+ x ) =ic™ X x+ c"x x Vo= 2
1 1 2 3 11 2 1 1 3

Is= c" X2 (x + X)? = ¢"X™2 (x%+ 2 x X +Xx?) =c"x"2x2+ c2 ¢c" x"2x x+c"xX"%x? V3=3
2z A 2 3 z 1 2 1 2 3 3 2 1 2 G 2 3 21 3

I4=Cn xn-3 (x + x)3= c" X" (x3+C3x2x +c3x x2 +x2 ) = ¢ x™3x3 +¢3¢" x™3x2x+c3¢c"x"3x x2

3 1 2 % 3 1 2 123 223 3 31 2 1481 2.3 281 2 3
ol i Va=4
3 “1 3
Is= 60 X )™ =6% (X1 + o™ X2k ™19 %2 i e X XT2axnt)

n-11 2 3 n-11 2 1 2 3 2 2 3 n2 2 3 3
=¢" xx™V #cM oM ™o +0TV eI KEINE F s +c™! c" x x x"2+ ¢c" x x"1
n-11 2 1 n-11 2 3 2 n11 2 3 n2 n1123 n-11 3 Vn=Nn
OV & 2 i Gl o il TR TR R
2 3 2 1 52 3 n12 3 3
Vn+1= N+1
The number of terms in the result vi +v2 + ....... Vin+1
=162+3%. .. 00000000 + n+1

This represents an arithmetic sequence whose first term = 1 last term = n+1 number
of terms = n+1 Thus the sum of the terms

n+1 n+1)(n+2
Sni=Tt (14n+1) =X
2 2
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In In we find

2 : 3 2 : 2
o oA B ki I R o0 e C.. eV o % -
1 2 3 A@E>1 2 3 [d@>1 2 3

We assume h denotes the number inside the rectangle where
h=1,2,............. ,n-2

At that point the terms can be written in the form

Zggi;;21 D, x"B2 xB2h yh
: 1 2 3
Represents the coefficient of any term in the result D2= C82 C"

h B2

The number of terms with three symbols in the result we will find= ———("_1)2("_2)

we study Dz x™B2 xBZh xh

1 2 3
. cB2 o B2 yB2-h  yh
h B21 2 3
= B2 n!

~ n-B2 B2-h yh
(B2-h)'h! ~  (n-B2)!B2T x % 5

1 2 3
We assume :
n-B2=P1 , B2-h=p2, h=p3
n!
The result then becomes ———— xP1 xp2 xP3
plip2!p3!
1 2 3

where pi1+ p2+ p3=n

Ne— n n! 1 2y,p3
(X1+ X2 X3)"= X041 p2p3=0 211 p2ipal XPT xPexP
1 2 3
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Third: we study m=4
(X1#X2#X3+X4a)"=[X1+ (X2+X3+X4)]"

=X +C" X™( Xa#Xa+Xe) + "XV XaF Xa+Xg)? + €7 XT3 (ot Xak Xg)P # ...
1 1 1 A 3 1

+ ¢" X( X2+ X3+ Xa)™' + ( X2+ X3+ X4)"
n-1 1

We find in this result
11=x", vi=1
1

I2=c? x™1 ( X2+ X3+ X4) = C" X" X2 + " x™ X3 + " X" x4 v2=3
11 11 11 1 1

=6l 3206 + X5t Xa)e =G0 XA 3% XPHX* # 6% XXHC XX+ CEX X)
2 1 28 9 2 3 4 1 2v3 1 2 4 13 4
=07 x A2 4o xR x® ik P2 4 o2 o xR F et R xb et et X x .  Was6
21 2 2Z 1 3 2 1 4 1 2 1 2 3 12 4 24 1+ 21 3 4
Li=c" X ( x5+ Xat X4)* = ¢V X302 + X 3+ 03 X2 x+ 6P X X2 + e+ P X
3 1 3 1 2 3 4 1 203 2 23 12 4 2 2 4
+c3 x2x +c® x x2 + c%c? x x x)
1 3 4 2 3 4 12 2 34

=g" xn-3x3+cn xn-3x3+cn xn-3x3 +C3 c" xn-3x2X+C3 cn xn-3xx2+c3 c" xn-3 X2X
3 1 2 3 14 3 31 4 1 31 228 2 31 23 1 3 1 24

+c3 " X3 x x2 +c " xM3 x2x+ B " X3 x X2+ 23" x™¥ x X X va=10
2 3 1 24 131 3 4 2 31 34 1231 2 3 4

Is=c" X" ( X2+ Xa+ Xa)*= " x4 ( x4+ x4+ xt+ A 3 x+ A 22+ et x X3+ x +
4 1 4 1 2 3 4 1.2 3 2 2 3 3. 2:8 12 4

XX+ x X3+t XXX+ X+t x X3+t e xx+ et et x X2 x +
2 2 4 3 24 1 3 4 2 3 4 3 3 4 1 2 23 & 1 :3 2.3 4

=Cn xn-4 X4+ Can'4 X4+ Cn xn-4 X4 + C4 Cn xn-4 X3 X + C4 Cn Xn-4 X2 X2+ C4 cn Xn-4x X3
41 2 41 3 4 1 4 1 41 2 3 2 41 2 3 3 4 1 23

+C4 Cnxn-4 X3X+ C4 Cn xn-4 x2 x2 +C4 Cn xn—4xx3+ C4 Cn xn-4x3x + C4Cn xn-4x2x2
1 41 24 2 4 1 2 4 3 41 2 4 1 4 1 3 4 24 4 34

+ c* " x™ x x3+ 2 cfe” X" x2x x+ ¢ cfe" X" x x2x +cd ¢t e"x™* x x x2 Vs=15
3 4 1 34 1 2 4 1 23 4 4 34 1 234 2.3 441 2 3.4
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The total number of terms=vi+vo+ V3 .oooiiiiiiiinnnn....

(n+2)(n+1)
2

I
=

1+3+6+10+15 ..., S

- Cn+3 =Cn+(4-1) - Cn+(m-1)
3 4-1 m-1

1-We find in the result four terms with one symbol are x*, x*, x* , x*
1 2 3 4

And write as
< (xi)"

2-We find in the result six types of terms with two symbols are

K XWX SR K R
T2 18 1 4 218 2 4 3 4

4
Each one of them has n-1 terms and the total sumis c (n-1)
2

can be written as  YI'Z] D1 (xi)™ (x)) i=1,23,j=234

3- we find in the result four types of terms with three symbols are

n-1)y(n-2
X2 X3 X4 , X1 X3 X4 , X1 X2 X4 , X1 X2 X3 for each one of them @12

c* can be written as
3

B iat Da( xi)" B2 (xj) 82" ()"

of the term and their total sum —("“1)2("‘2)

4- we find in the result terms with four symbols X1 X2 X3 X4

in Is we find
@é&
N xf3 % x X
[]@ 1 234
In Is we find
@A VAN OYAN

¢ xX™xx x?

&x““xzxx C e CPxMxxEX . € C
23 4 [2|GQAN 1 23 4

1
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the number inside the closed curve B2 where B2=2,3, ......... ,n-2
the number inside the rectangle h where h=1,2,............ , -3

we assume the number inside the triangle B3 where Bz=34..........

in any term we will find that

X1 power = n-B3
X2 power =B3-B>
X3 power = Bz-h
X4 power =h

can be written as

n—-1n-2 n-3 n-B3 yB3-B2 W¥B2-h Yh
B3=3,B2=2 ,h=1 Ds X X XX
1 2 3 4
D,=CB2 CB3 Cn
h B2 B3
Study:
D3 xn-BS xB3-BZxBZ-h Xh
1 2 3 4
= CB2 (0B3 on Xn-B3 XB3-B2 yB2-h Yh
h B2 B3 1 2 3 4
—BZ1 _B3T n! Xn-B3 XB3-B2 yB2-h yh
h!(B2-h)! * BZ(B3-B2)! ~ _B3!(n-B3)!
1 2 3 4

we assume n-Bz=P1, B3-B2=P2, B2-h=p3, h=p4

Py P2 P3Py
n!
so the result e pPTeTEy X X XX
1 2 3 4
where pi1+ p2+ ps+ ps=n
and it will be
Py P2 Py P4
= n n!
(X1+ x2+ X3+X4) — Zpl'pz'p3’p4=0 pl'p2'p3‘p4' X X X X
1 2 34
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using the same method we conclude
Py Pz Pa Pm

n!
X X X ....X

n =\
(X1+x2+x3+ ..... + xm) 4 pl'pz'p3“"pm=0 pl!,pZ!,,,,,_,_pm!

where pit+p2+ p3............ + Pm=n

Note: the results of this expansion are calculated in two orders

1- the first order is according to the symbols included in each term, meaning terms
with one symbol X4, Xo,......... Xm
two-symbol terms ............. y X2 Xgy Xoi X4y awnine X2 Xm , X1 X2, X1 X3,....... X 1 Xm

three-symbol terms, four-symbol terms, ........

2- the second order is according to the exponents of the symbols included in
the term x1 then x, ............... descending (Newton’s style in the binomial

expansion)

for example: (x +y + z)°

solution:
p1 p2 p3
th | t L
eneral term = —_— X XX
S/gancta plip2!p3!
t 23

the first method: T is the symbol of the term

~_5! 610 SOz 6 =5 050 =5
T1—5!0!0! Y ESAN ’ T2—0!5!0! i S
Ta=—St. 500 5= 76 Ta= — x4y 20 = 5 x4
3= 005! y s 4= 2o y y

- BE_ iglom 32 - S 243 S0 A2 U3
Ts—3!2!o!xyz =10 x°y ,Ts—zmo! x“y?z°=10x*y

5!
4!0!1!

T7 =— x y*z° = 5x y* , Te=

1!410!

x*y0 z=5 x4 z

5!
3!0!2!

To= x3y%22 = 10 x*22 |, T10=10x22%, Tu=5x2* , Ti2=5y*z
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T13=10y322, T14= 10y?2%, T1s=5y Z*

T1e =3!i§1! x3yz =20x3yz

Ti7 e x?y?z =30 x2y?z , Tis= z!i’iw x2yz2=30x%y z2
Thigmr—— X yiz =20xy*z Tzo=1;2| x y?z2 =30 x y?z?
Tet=ee XY z3 =20xyZz3

second method:

TF;%:O! x3y020 = x° ,T2=ﬁ? x*y 20 =5 xty

T3=4!z:1! xiylz =5x*z ,Ts= % x3y220=10 x3y?

Ts=3!i’i1l x¥}yz= 20x3yz ,Te= 3!2:2! x3y0 22 =10 x3 22

Tr=—— x2y320 =10 x2y® , Te= x?y?z =30 x?y?z

21310! 212!11!
To= z!iiz! Xy z*=30 2y , T1o=-2!zﬁ X2yhz® =10%* 2°
11=1!ii0, Xy*z° =5xy* ,Ti= —n & y32=20 xy3z
13=1;:2' Xxy?22=30xy22? , Tus= 15:3! xyz?=20xyz®
Tis=— xy°z4 =5x2% |, Tie=—— x0y520=y5
1!0!4! 0!5!0!
T17—0!i:1! X°y4z=5y*z |, Tig= 0!2:2! x0y3z2 =10 y3z2
T19=$ x0y2z3 =10y%2Z3 T20=0!i:4! x0y z* =5 yz*
T21=-(% X0 y0 z5 =75
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example in expansion (x+ y+ z+ L)"
one of the terms was found k x®y?z L ,where (k) is the numerical coefficient

1-find the values of (n, k)
2- find the number of terms in the expansion
3-write the terms that contain the four symbols (x, y, z, L)
solution: in the term k x> y? z L
1- P1=3, P2=2, P3=1, Ps=1
N=p1+p2+ p3+ps=7

” . _ n! _ 7! -
2- the numerical coefficient (k) = TR T A 420
number of terms = C™™! = (Sl = C'° =120
m-1 4-1 3

3 - number of terms with one symbol m=4

number of terms with two symbols = c™(n-1) = ¢4(7-1) =36

2 2
. m (n—1)(n—-2) ct (6)(5)
number of terms with three symbols = ¢ ———— = 2 = 60
3 3

number of terms with four symbols =c'® - ( 2n?+2) =20
3

terms with four symbols are:

Ty= —2 X*yzL=210 xX*yzL ,To=—0 x*y?2zL =420 x*y?zL

41111!1! 31211!1!

3— 3 2] = 3 2 - 3 2 — 3 2

T 31112111 X'y z L =420 x Yz L aT4_ 31111121 X"yZz L= 420 x yZzZ &

=7 23 = 2.3 =7 RAR AT = 222
Ts = X°y"z L =420 x°y z L, Te= ;= x*y*z°L=630 x“y“z°L

= 7} D | &ne Z2o 12 Fum SxroBl = -
T7= e XY zL =630 x“y“zL ,Ta—zmm! x“yz’L = 420x°y z° L

7! !
To= 2111212! x*yz?L? =630 x*y z°L%, Tio= 21111!3! x?yzL® =420x*yzL?
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T y*zL=210xy*zL , Ti= =X y3z2L =420 x y® Z?L
e S s X y2zL2=420 xy3zL? , Tu= = B y2Z3L = 420xy?*Z3 L
Tis=—_— xy?z2L% =630 xy222 L% , Tie=—-—— xy?zL®=420xy?zL®

Tiz= 1!12!1! xyz*L=210xy z*L, Tis= o XY 2312 =420 xyz3L?

Tw=—t Xyz3L2=420xyz3L2 , Ta= L Xyzl*=210xyzL*

1!1!312! 111!1!4!

example:- in expansion (x?+ y+1)’
find Ts, T1e, T22, T30
Solution:

number of terms =C™™1 = C° = 36
m-1 2

3term are x", x", x", 6 term for x1 X2 , 6 term for x1 x3 , 6 term for x2 X3
1 2 3
15 Term for x1 X2 X3

So Ts represents the second term in the group x1 X2, withp1 =5, p2=2,andpz3 =0

= 2y 2 (1)° - 10 \,2
Ts=omr (X7 ()7 (1) =28 x10y

T1g represents the third term in the group x2 xs, with p1 =0, p2 =4, and ps =3

Tie=——  (x2)°(y)* (1)} = 35y*

0!4!3!
T22 represents the first term in the group x1 x2 x3, with p1 =5, p2=1, and p3 = 1

T2 =—— (x?)5(y)(1) =42 x'y

511!

T30 represents the ninth term in the group x1 x2 x3, with p1 =2, p2 =2, and pz = 3

Too=—2— (@2 (y)2 (1)° = 210 x* y?
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example: In the expansion of, (x?+ x+1 +i )'° find the coefficient of the term
containing x'

solution:

1- The group with a single symbol (x?)'°, (x)'°, (1)'°, (i)10 # x* ignore
2- The group with two symbols

First: in

X1Xz — p1 + p2 = 10, and 2p, + p, = 14 Solve the two equations

p1=4,pz=6 - Coefficient —— = 210

Second: inXx;x3 > p; +p3=10,2p; =14 - p1=7,p3=3

10!

Coefficient = A 120
Third: in X;X4 = p1 +p+=10,2p; —ps =14 > p1=8,ps =2
Coefficient= ~~ =45

812!

Fourth: in X;x3 — p, + ps =10, p, = 14 ignore
Fifth: in X;x4 — p2 + P2 =10, p2—ps =14 — p, =12 ignore

Sixth: in X3x4 — ps + p, = 10, -p, = 14 ignore

3- The group with three symbols
in X1X2X3 — P+ P2+ pP3 = 10 ” 2p1 +p2 = 14 . this holds when

Pr=5,p,=4,ps =1 coefficient g = 1260

in X1 X2X4q4 — pl + pz + p4 = 10 y 2p1 + pz p— p4 = 14 ’ th|S hOIdS When

10!
6!3!1!

p1=6,p2 =3, ps=1 . coefficient =

=840
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iN X;X3X4 — Py + Pz + ps=10, 2p, — ps = 14 , by addition 3p, + p3 = 24
no values satisfy — ignore

iN X3X3X4 — P2 + P3 + ps =10, p2 — ps = 14 |, by addition 2p, + p3 = 24
no values satisfy — ignore

4- The terms with four symbols x;X;X3X4
P1+pPz+ps+ps=10,2p, + p2 — ps = 14 |, by addition
This holds when 3pi1+2p2+pa=24
P1=7,p2=1,pa=1,ps=1

10!
7!11111!

coefficient = =720

The coefficient of the term containing x'* = 210+120+45+1260+840+720 = 3195
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Discussion
The present study proposed a generalized mathematical formula for expanding the

polynomial (x; + x, + -+ + x,,,)", extending the well-known Binomial Theorem from
two variables to any finite number of variables. By systematically analyzing the cases
m = 2, m = 3, and m = 4, common structural patterns were identified and generalized
into a unified expression applicable for arbitrary values of m.The analysis of the case m =
2confirmed the validity of Newton’s Binomial Theorem and demonstrated that the
expansion consists of n + lterms with coefficients represented by the binomial
coefficients. This case served as the mathematical foundation for extending the expansion
to higher-dimensional polynomials. When the number of variables was increased to three
(m = 3), the expansion exhibited a more complex structure involving terms containing
one, two, and three variables. The total number of terms was shown to be

n+2)(n+1)
> )
which corresponds to the trinomial coefficient formula. The derivation also revealed
systematic relationships among the coefficients and exponents, allowing the terms to be
classified according to the number of variables involved. This classification simplified the
expansion process and highlighted the combinatorial nature of multinomial expressions.
The study of the case
m = 4 further confirmed the consistency of the observed patterns. The expansion

generated additional categories of mixed-variable terms while preserving the same
combinatorial structure identified for smaller values of m. This demonstrated that the
coefficients follow a predictable arrangement governed by combinations and factorial
expressions rather than requiring independent derivations for each value of m.Based on
these observations, a general multinomial expansion formula was established. The
coefficient of each term was expressed using factorial notation,

n!
p1! P2 pm!’

subject to the condition
P1tpz+ ot P =

This expression provides a direct method for determining both the coefficients and the
exponents of every term in the expansion without performing repeated multiplication.
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The proposed method offers a systematic and efficient alternative for expanding high-
order multivariable polynomials. Rather than deriving each expansion individually, the
generalized formula enables direct computation for any number of variables, significantly
reducing computational complexity and simplifying symbolic calculations. Consequently,
the derived formula represents a natural extension of Newton’s Binomial Theorem and
provides a practical mathematical framework for applications in algebra, combinatorics,
probability, and computational mathematics.

Conclusion

This study developed a generalized formula for expanding,
(x; + x2 + .... + xp)", extending Newton's Binomial Theorem to any finite number of
variables. Analysis of the cases m =2, m = 3, and m = 4 revealed consistent combinatorial

patterns that led to the multinomial coefficient formula,
n!

pllp2!..pm!
where p;+ p2 + .... ¥ pm=n. The proposed formula provides a direct and efficient method
for determining all terms of the expansion, reducing computational complexity while
simplifying symbolic calculations. This generalized approach has broad applications in
algebra, combinatorics, probability, and computational mathematics.
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